
Siam Challenge Problem 1 (Brian Medley)

(1)
I firstly used the change of variable x=e^(-u) to transform the integral to:

integral (0 to infinity) (cos(u.e^u)du)

(Actually, I did integral (0 to infinity) (cos(x.e^x)dx);  all x's in the material below
are references to the transformed variable, not the original one)

(2)
Since the cycles of the graphs get narrower and narrower, I split it into half-cycles
(i.e. sections from a maximum to a minimum or vice versa), integrating each one separately
with Simpson's rule. I used UBASIC to allow me to use fixed-point arithmetic to plenty of
decimal places. One of the programs that came with UBASIC included a Simpson routine so I
lazily used that instead of writing my own.

To find the ends of each half-cycle, I used Newton-Raphson to solve x=n.pi

As x increases, the cycles of cos(x.e^x) get more equal-sized as x increases, so in
integrating half-cycles from a maximum to a minimum or vice versa, the positive and
negative bits cancel out more and more, so the current estimate of the integral changes by
relatively small amounts.

(3)
There is still quite a bit of wobble between succesive estimates of the integral, so I
used a weighted average of the last two estimates.

I reasoned that the infinite, omitted, part of the graph (which is the main part of the
error) is effectively turned upside down and distorted slightly at each stage. I
approximated the distortion as a horizontal stretch using the ratio of the lengths of the
last two intervals used in the integration.  That is, I assumed that if S_(n-1) and S_n
are the last two estimates of the integral I, then S_(n-1)=I+e and S_n=I-L*e, where L is
the ratio of intervals (nth interval)/((n-1)th interval)

This leads to the weighted average (S_n + L*S_(n-1))/(1+L)

In fact I don't see why I shouldn't average the last two (or more) estimates in any way I
like: the proof of the pudding is in how quickly the thing converges. I did some trials
with averaging the averages and these did speed up the convergence some more, but they are
not included in the program below.

(4) The program:
   10   point 10
   20   input Err '    to be used in NewtonRaphson and Simpson's rule
   21   S$="si1"+str(int(log(Err)/log(10)))+".txt"
   25   clr time
   30   '
   40   'initialise stuff
   50   '
   60   Pi=pi(1)
   70   X0=0
   80   N=1
   90   S=0
  100   S0=-1
  110   X0=0
  120   '
  130   'start main loop
  140   '
  150   repeat
  160   X00=X0:X0=X1
  170   '
  180   'find X1 such that f(X1)=n*pi



  190   '
  200   X1=fnSOLVE(N)
  210   '
  220   'Integrate f(x) from X0 to X1 i.e. a half cycle from a max to a min
  230   'or vice versa. Increase the current S (estimate of integral) by this.
  240   'Err/N is used for the error as a (fairly shoddily thought out)
  250   'safeguard against lots of small errors adding up to a big one.
  260   '
  270   S+=fnSimpsonSub(&fnC(),X0,X1,Err/N)
  280   if N<3 then goto 380
  290   '
  300   ' for N>3 we can find the ratio of lengths of the last two half cycles
  310   ' and use this to do a weighted average of the last two S's, hoping
  320   ' to cancel out errors with opposite signs. This average is "Sest"
  330   '
  340   L=(X1-X0)/(X0-X00)
  350   Sest=(S+L*S0)/(1+L)
  355   if abs(Sest-Sest0)<10^(-12) then open S$ for output as #1:print
#1,Sest00,Sest0,Sest,time:close:stop
  360   print N,Sest
  365   Sest00=Sest0
  370   Sest0=Sest
  380   S0=S
  390   N=N+1
  400   until 0=1
  410   '
  420   'routine to calculate f(x)
  430   '
  440   fnE(X)
  450   return(X*exp(X))
  460   fnC(X)
  470   return(cos(fnE(X)))
  480   '
  490   'routine to solve xexpx=n*pi
  500   'by less than Err, so returned value will be v. close to root.
  510   '
  520   fnSOLVE(N)
  530   local A,C,E
  540   'solve xexpx=npi
  550   C=N*Pi
  560   A=log(C)
  570   repeat
  580   E=fnE(A):A=A-(E-C)/(E+exp(A))
  590   until abs(E-C)<Err
  600   return(A)
  610   '
  620   'The Simpson routine below came in a sample program supplied with
  630   'UBASIC so I assume it's OK to use it here.
  640   '
  650   'Simpson's Rule (Numerical Integration)
  660   'from: S.Moriguti Suuti Keisanjutu (Kyouritu Shuppan) p199
  670   'take x2-x1 small
  680   '
  690   fnSimpsonSub(&fnF(),X1,X2,Err)
  700      local Dy,H,M,N,S0,S1,S2,Y1,Y2
  710   N=2:H=(X2-X1)/N
  720   S0=fnF(X1)+fnF(X2):S1=fnF(X1+H):S2=0
  730   Y1=(S0+4*S1)*H/3
  740   repeat
  750      N*=2:H/=2:S2+=S1:S1=0
  760      for M=1 to N step 2:S1+=fnF(X1+M*H):next
  770      Y2=(S0+4*S1+2*S2)*H/3:Dy=Y2-Y1:Y1=Y2
  780   until absmax(Dy)<Err
  790   return(Y2)

(5) Results: The last three estimates are given and the time taken for the program to
reach consecutive estimates differing by less than 10^-12, for various values of Err. In
each of these cases, the program terminated at N=4448

Err=10^-10
0.323367431677898988394759195828382377394353978578
0.323367431678898989038286816431033685175460732908
0.32336743167789965874451240775196565083512804012           0:00:57



Err=10^-14
0.323367431677278678606420806987337147771805233512
0.323367431678278679153090031163620197210020231264
0.323367431677279348956109089947779145402335922849          0:08:10

Err=10^-18
0.323367431677278593457282291807802601493038273706
0.323367431678278594003950039787285108249009474688
0.323367431677279263806970573778677032689285130044          1:13:31



SIAM Problem 2 (Marijke van Gans)

============================================================================

2. A photon moving at speed 1 in the x-y plane starts at t = 0 at (x,y) =
(0.5, 0.1) heading due east. Around every integer lattice point (i, j) in the
plane, a circular mirror of radius 1/3 has been erected. How far from the
origin is the photon at t = 10?

============================================================================

Associated image: siam-2m.gif (also in the zip).

C's floating point types don't look accurate enough (that's right, when you do
it you'll see it magnify initial uncertainty by around 10^12 in the process).
I reached for my copy of UBASIC, a number-theory oriented freeware BASIC, by
Yuji Kida. It has integers of up to 1080 bytes long but you can transfer up to
half of that accuracy to the right of the "decimal" point (i.e. fixed-point
fractions).

As this was the first problem I tackled I didn't do a proper write-up at the
time but put the details of the algoritmic decisions as a big initial comment
in the program (reproduced below). Some more general strategy  observations
first:

I took two paths, one starting 100*epsilon too high (and hence bounced too far
clockwise at the first hurdle), the other starting 100*epsilon too low (and
hence bounced too far anticlockwise at the first hurdle). Take it from there,
and see how far they diverge.

epsilon being the smallest number UBASIC can represent at the chosen level of
precision (this is fixed-point reals) and 100*epsilon rather than epsilon so
as not to accidentally lose it at the first bounce. I *think* this is a robust
way of doing this. The result I posted at the time was calculated at "POINT 8"
(some 38 digits after the decimal point) internally, and the digits I posted



 > FWIW I make that 0.9952629194433541608903118 units from the origin.

were the ones that were the same (rounded, not truncated) for both paths.
The program as reproduced here is a later polishing that lets a user choose
the POINT size (byte pairs to the right of the point), 5 will *just* about do.

Also, it now incorporates as an option the graphical version which I wrote
when flummoxed that I couldn't get my photons to bounce properly, I wanted to
*see* what I was doing wrong <g>.

I made the program print the divergence in x and y, as well as that in r, to
avoid spuriously close r's for points far apart, and print out the t,x,y
coordinates of bounce events to see the divergence marching up through the
digits, i.e. avoiding spuriously close end results for wildly diverging paths
intersecting near the end. Criticisms of method are invited.

--------------8<------------------------------------->8----------------

    1   ' SIAM challenge 2002 problem 2
    9   '
   10   ' We'll use time steps of 0.25, each step check if the photon
   11   ' should have bounced off a mirror. 0.25 is nice and exact in
   12   ' binary, and smaller than the minimum mirror to mirror distance
   13   ' 1/3, so no multiple collisions per step. Two things can happen.
   14   '
   15   ' a) The step brings us inside a mirror. Solve to find out at
   16   ' what exact (non-discrete) t the bounce should have happened.
   17   '
   18   ' b) The step brings us outside a mirror again while the path
   19   ' really intersected it. We can detect this by calculating the
   20   ' distance of our line to the centre. If < 1/3, solve for when.
   21   '
   22   ' Either way, we must take the -sqrt(D) root always (the other
   23   ' is for intersecting circle on the way out again).
   24   '
   25   ' But which integer grid point? Loop over all 20x20 or so
   26   ' each time? No. For (a), the end point in the step can
   27   ' only be inside the circle around its nearest gridpoint.
   28   ' Just round x and y to integer. And for (b) we have the nice
   29   ' situation that this can only happen if both endpoints of the
   30   ' step have the *same* integer gridpoint as nearest (worst case
   31   ' tangent, with one endpoint a whole 0.25 away from the point
   32   ' of contact -- by Pythagoras, 4/12 radial and 3/12 tangential
   33   ' means we're 5/12 away from the gridpoint, less than half).
   34   ' Actually this means we can take (a) and (b) together. Just
   35   ' look at the gridpoint nearest to the *end* of the step.
   36   ' If (a), the line certainly went closer than 1/3 to *that*
   37   ' gridpoint. And if (b) we only have to test our line wrt
   38   ' one of the gridpoints anyway.
   39   '
   40   ' Calculating sin and angle from cos when cos is close to 1
   41   ' is imprecise but there's no workaround, it's inherent in
   42   ' the problem that we might closely graze some mirrors. So
   43   ' we just have to do this to big precision, e.g. UBasic,
   44   ' and then run a test with the photon starting a little bit
   45   ' higher or lower. That way we can find out how sensitive
   46   ' it all is to initial conditions.
   49   '
   50   print "Recommended screen size for text"
   51   print "accuracy 2 to 6: 43-line"
   52   print "accuracy 7 to 12: 50-line"
   53   print "(Graphics sets own screen)"
   54   print
   60   print "Accuracy of fractional part to the right of the decimal point"
   61   input "in 16-bit words (5 or more recommended)";W%
   62   point W%
   63   print
   69   '
   70   TWOPI=pi(2) ' 2*pi
   71   MOVE=0.25
   72   RADIUS=1//3 ' UBasic exact rational
   73   INIX=0.5
   74   INIY=0.1
   75   '
   80   print "In text mode we will run twice, once with the photon 100*eps"
   81   print "too low down, once with it 100*eps too high up (where eps is"



   82   print "the smallest representable number in this accuracy)."
   83   print "In graphics mode we display the path of the bouncing photon."
   84   I=input$(0) ' clear kybd buffer
   85   print "Graphics display? [Y/N] ";
   86   I=input$(1) ' wait for key, cursor
   87   if I="y" goto 200
   88   if I<>"n" goto 86
   89   '
  100   '''''''''''''''''''' PROGRAM FLOW for TEXT '''''''''''''''''''''''''
  101   IsText=1
  102   print
  109   '
  110   Butterfly=-100*#eps:gosub 400:gosub 900
  111   GrOld=Gr
  112   GxOld=Gx
  113   GyOld=Gy
  119   '
  120   Butterfly=+100*#eps:gosub 400:gosub 900
  121   print "Delta r =";Gr-GrOld
  122   print "Delta x =";Gx-GxOld
  123   print "Delta y =";Gy-GyOld
  124   end
  129   '
  200   '''''''''''''''''''' PROGRAM FLOW for GRAPHICS '''''''''''''''''''''
  201   IsText=0
  202   Butterfly=0:gosub 300
  203   J=input$(-1) ' wait for key, no cursor
  204   cls:end
  209   '
  300   '''''''''''''''''''' MAIN LOOP entrypoint for GRAPHICS '''''''''''''
  301   '
  310   screen 23 ' 640x480 @ 16 colors
  311   cls
  312   SCALE=150
  313   XORIG=320
  314   YORIG=300
  319   '
  320   '''''''''''' draw circular mirrors
  321   for I=-2 to 2:for J=-1 to 2
  322   circle (XORIG+I*SCALE,YORIG-J*SCALE),RADIUS*SCALE,11 ' 11=cyan
  323   next J:next I
  324   circle (XORIG,YORIG),5,7 ' 7=grey, mark origin
  329   '
  330   '''''''''''' initial position for photon path polyline
  331   Xfrom=XORIG+INIX*SCALE
  332   Yfrom=YORIG-INIY*SCALE
  339   '
  400   '''''''''''''''''''' MAIN LOOP entrypoint for TEXT '''''''''''''''''
  401   '
  402   '''''''''''' initialise global time Gt and position Gx,Gy
  403   Gt=0
  404   Gx=INIX
  405   Gy=INIY+Butterfly
  406   if IsText print "Start";:gosub 800 ' Text: display coord
  409   '
  410   '''''''''''' velocity (cos and sin pair): Vx, Vy, angle A
  411   A=0
  412   Vx=1
  413   Vy=0
  419   '
  500   '''''''''''''''''''' MAIN LOOP re-entrypoint for each step '''''''''
  501   '
  510   '''''''''''' global time GtS and position GxS,GyS at start of step
  511   GtS=Gt
  512   GxS=Gx
  513   GyS=Gy
  519   '
  520   '''''''''''' provisional next step global position
  522   Gx+=MOVE*Vx
  523   Gy+=MOVE*Vy
  529   '
  530   '''''''''''' nearest gridpoint at end of step: Gi,Gj
  531   Gi=round(Gx)
  532   Gj=round(Gy)
  539   '
  540   '''''''''''' use local coord wrt Gi,Gj of start of step, LxS,LyS



  541   LxS=GxS-Gi
  542   LyS=GyS-Gj
  549   '
  600   '''''''''''' has our line approached Gi,Gj too closely? To
  601   ' calculate the closest distance Lu, we want (p,q) dot (r,s),
  602   ' where (p,q) any point on our line, we could take (LxS,LyS), and
  603   ' where (r,s) a unit radius _|_ our line, we can take (Vy,-Vx)
  604   '
  605   Lu=Vy*LxS-Vx*LyS
  606   '
  607   if Lu>=+RADIUS goto 700 ' no we stayed clear
  608   if Lu<=-RADIUS goto 700 ' no we stayed clear
  609   '
  610   ' Now we have Lu, essentially one of two orthogonal coord in a
  611   ' rotated frame Lu,Lv (Lv in direction of motion, Lu constant),
  612   ' and with origin Gi,Gj, just like LxS,LyS. Let's get the other.
  613   ' First, the initial one @ start of step, i.e. for LxS,LyS:
  614   '
  615   LvS=Vx*LxS+Vy*LyS
  619   '
  620   '''''''''''' Next, the one at time of bouncing, via angle B wrt A:
  621   B=-acos(Lu/RADIUS) ' minus because we want negative Lv solution
  622   Lv=sin(B)*RADIUS
  629   '
  630   '''''''''''' Time of bounce
  631   Lt=Lv-LvS ' local time := relative to start of step
  632   Gt=GtS+Lt ' global time for display only
  633   '
  634   if Lt<0 goto 700 ' that's fine, we had that one
  635   if Lt>=MOVE goto 700 ' fine too, we'll get it later
  639   '
  640   '''''''''''' x,y position of bounce
  641   Gx=GxS+Vx*Lt
  642   Gy=GyS+Vy*Lt
  643   '
  644   if IsText print "Bounce";
  645   gosub 800 ' Text: display coord, Graph: draw line
  649   '
  650   '''''''''''' new direction
  651   A+=2*B:while A<0:A+=TWOPI:wend
  652   Vx=cos(A)
  653   Vy=sin(A)
  659   '
  660   '''''''''''' post-bounce remainder of step
  661   Lt-=MOVE ' this is -(remaining time)
  662   Gx-=Vx*Lt
  663   Gy-=Vy*Lt
  669   '
  700   '''''''''''''''''''' MAIN LOOP end-of-step code ''''''''''''''''''''
  701   '
  702   Gt=GtS+MOVE
  709   '
  710   '''''''''''' waypoint for debugging, commented out
  711   ' if not IsText circle (XORIG+Gx*SCALE,YORIG-Gy*SCALE),2,14
  712   '
  720   '''''''''''' is there a next step?
  721   if Gt<9.9 goto 500
  729   '
  790   if IsText print "End";
  799   '
  800   '''''''''''''''''''' DISPLAY '''''''''''''''''''''''''''''''''''''''
  801   '
  802   if IsText print " at t =";Gt:print "@ (x,y)=(";Gx;",";Gy;")":return
  809   '
  810   Xto=XORIG+Gx*SCALE
  811   Yto=YORIG-Gy*SCALE
  812   line (Xfrom,Yfrom)-(Xto,Yto),14 ' 14=yellow
  813   Xfrom=Xto
  814   Yfrom=Yto
  815   return
  819   '
  900   '''''''''''''''''''' DISPLAY distance reached (text only) ''''''''''
  901   Gr=sqrt(Gx*Gx+Gy*Gy)
  902   print "Distance:";Gr;"--- Press a key... ";
  903   I=input$(1):print
  904   return



--------------8<------------------------------------->8----------------

--marijke



SIAM Problem 3 (Brian Medley)

(1)  From the start, I assumed that this can be tackled by finding the limit (as n-
>infinity) of the norms of the n*n matrices formed by truncating A after the nth row and
nth column, (matrices made up of the top left corner of A). If you don't wish to read my
(non-rigorous) reasons for trusting this assumption, skip straight to (2) below.

Using such a matrix (top corner of A) as a kind of "approximation" to A would have an
effect, when applied to an element of l_2, equivalent to the following:

Truncate the element of l_2 after its nth position, apply the matrix A to this, and then
truncate the result after its nth position.

I convinced myself that the two truncations would not matter too much if n is large: the
values removed from the later positions of original element would be multiplied by the
small numbers in A's columns n+1 and beyond, and so make only small contributions to the
result, whilst the removed values of the image element would be small numbers anyway,
having been generated by calculations involving the small values in A's lower rows.

Thus an l_2- vector which is stretched a lot by A will be stretched a lot if truncated and
treated with a top-corner approximation to A, so the norms of the top-corner sub-matrices
should tend to the norm of A. Finally, the l_2 norm is the infinite equivalent of the
Euclidean norm on R^n, so in my work on finite matrices I can work with lengths of vectors
in the usual way.

(2) So now I had to find the norms of large submatrices of A. Whilst I remembered that the
norm of a matrix is the largest amount by which it stretches an element, I confess that
for a short while I confused this idea with that of the largest eigenvector of the matrix,
and even began to program with this in mind. The early results of the program alerted me
to the distinction between stretches that preserve direction and those that don't. I
looked up the result I needed, that the norm of a matrix M is the square root of the
largest eigenvalue of (MT)(M),  where MT is the transpose of M.

(3) To find the largest eigenvalue of a big matrix, I used the idea that if a vector x is
a linear combination of eigenvectors, say x = e_1 + e_2 + ... + e_n, then {[(MT)(M)]^k}(x)
will be (lambda_1)^k.(e_1) + (lambda_2)^k.(e_2) + ... + (lambda_n)^k.(e_n), so that the
e_i with the biggest lambda_i will increasingly dominate the vector formed by repeatedly
premultiplying x by (MT)(M). The UBASIC program below does exactly that. After each
iteration, it re-scales the vector to unit length by dividing it by its length.

(4) The program generates a starting vector at random. I ran the program with several
values for the random seed to guard against unluckily getting a starting vector
expressible as a linear combination of the eigenvectors _other_ than the one I wanted.
Once the gap between successive estimates of the largest eigenvalue falls below the value
set by "err", the program doubles the size of the sub-matrix and starts again, using the
estimated eigenvector from the smaller matrix as the initial trial vector (early runs of
the program did not use this feature, as I wanted to check that there were no big
discontinuities in behaviour as the size of the matrix grew, but for the big matrices
needed to establish the 10 figures of accuracy, I needed the time saving achieved by
having a good first approximation).

(5) The answer!
In the output given in (7) below the gaps between norms of successive matrices decrease by
a factor of about 8 as matrix size doubles. Assuming this pattern continues, we can be
sure of the answer to 10 figures: it truncates to 1.274224152 and rounds to 1.274224153

(6) Here is the program:

    1   'siam challenge problem 3
    2   '
   10   point 10 '       sets number of decimal places
   20   Err=1/10^16 '   "error" between successive estimates
   21   ' must become less than err before moving on to next matrix
   30   Oldnorm=100
   40   randomize 1
   48   '



   49   ' lines 60 and 70 set up data files used for storing vectors
   50   ' File1 is the image after MT, file2 intermediate image after M.
   55   ' The word values and the filling with random numbers in lines
   56   ' 60 to 80 are not logical but UBASIC was giving me error
   57   ' messages that didn't make sense either and this tinkering
   58   ' seemed to cure the problem
   59   '
   60   open "si3vec1" as file1(7000) word 15
   70   open "si3vec2" as file2(7000) word 15
   80   for I=1 to 7000:file1(I)=rnd:file2(I)=rnd:next I
   81   '
   82   ' 90 and 100 set up files for saving output
   83   '
   90   open "si3res.txt" for output as #1
  100   open "si3scre.txt" for output as #2
  101   '
  110   Siz=200
  120   print #2,"screen output when initial size is";Siz
  130   '
  140   'fill vector1 at random
  141   '
  150   randomize
  160   S=0
  170   for I=1 to Siz
  180   file1(I)=rnd
  190   S+=abs(file1(I)^2)
  200   next I
  211   '
  212   ' "Norm is a bit of a misnomer in 220. It is the norm of a vector
  213   ' but on later passes through this code it's the square of the estimate
  214   ' for the norm of the matrix.
  216   '
  220   Norm=sqrt(S)
  249   '
  250   'check for convergence
  251   '
  260   if abs(Norm-Oldnorm)<Err then Siz*=2:print "size=";Siz:print #2,"size=";Siz:print
#1,Siz/2,sqrt(Norm):for I=Siz\2+1 to Siz:file1(I)=0:next I
  270   Oldnorm=Norm
  277   '
  278   'rescale current vector to unit length
  279   '
  280   for I=1 to Siz
  290   Z=file1(I)/Norm
  300   file1(I)=Z
  310   next I
  311   '
  317   ' The next two lines print garbage 1st time through but on later
  318   ' passes print out the current estimate of the norm
  319   '
  320   print sqrt(Norm)
  330   print #2,sqrt(Norm)
  335   '
  340   ' Multiply file1 By M and Store Result In file2
  345   '
  350   S=0
  360   for I=1 to Siz
  370   Newelt=0
  380   for J=1 to Siz
  390   Newelt+=(fnA(I,J)*file1(J))
  400   next J
  410   S+=abs(Newelt)^2
  420   file2(I)=Newelt
  430   next I
  431   '
  435   ' print the "stretch" from x to M(x) - another estimate of the norm
  439   '
  440   print "(";sqrt(S);")"
  450   print #2"(";sqrt(S);")"
  455   '
  460   ' Multiply file2 By MT and Store Result In file1
  465   '
  470   S=0
  480   for I=1 to Siz
  490   Newelt=0
  500   for J=1 to Siz



  510   Newelt+=fnA(J,I)*file2(J)
  520   next J
  530   S+=abs(Newelt)^2
  540   file1(I)=Newelt
  550   next I
  560   goto 250
  797   '
  798   'Routine for Calculating Elements Of M
  799   '
  800   fnA(I,J)
  810   local N
  820   N=I+J-2
  830   return(1/(0.5*N*(N+1)+I))

(7) sample output:

screen output when initial size is 200
 2.777128150913789805230078616851372410556616621222
( 0.125090649973425233649683956136349493058063328264 )
 0.386069863653173486981635516867942626799516009373
( 1.273193932981053739736233891712848931482825390414 )
 1.273702251258886387698802153871941570302882250772
( 1.274223441010932231642904044971638909178200320253 )
 1.274223520179869730370254622280176495408698273634
( 1.274223601328154886373162525794155785813114414747 )
 1.274223601340526627167487730515401658529319773736
( 1.274223601353207682816114789395583874821432626922 )
 1.274223601353209616167334235143084955665039929703
( 1.274223601353211597855668952797578584886216043368 )
 1.274223601353211598157796767105780367134016456156
( 1.274223601353211598467478297904121046936151927555 )
size= 400
 1.274223601353211598467525511889486851556689268052
( 1.274223858394176413727028339127882946136219197314 )
 1.274223969892378332360689005106707995586524521697
( 1.274224081392223999386371415817929529181804839855 )
 1.274224081392226688701223845551857729333411253355
( 1.274224081392229441004820443587195221176362515875 )
 1.274224081392229441397495365960643541330184262698
( 1.274224081392229441799988837978473663624745449699 )
size= 800
 1.274224081392229441800050221819212161939090764464
( 1.274224114866918164430727075379474974886096625442 )
 1.274224129284003428801755066287906259160099955518
( 1.274224143701141589768204819746910125030848979168 )
 1.274224143701141641972818679651654423083391289476
( 1.274224143701141695375200070568882552200993031407 )
 1.274224143701141695382661116097466311642403481075
( 1.274224143701141695390308719118469712673700073204 )
size= 1600
 1.27422414370114169539030988548051231863663935352
( 1.274224147987001053758023288819531560887377992676 )
 1.274224149826982798521302008681638616001916227161
( 1.27422415166696621795730058457566353577858707572 )
 1.274224151666966218899601553222978298055515317455
( 1.274224151666966219863118862883905845291823395172 )
size= 3200
 1.274224151666966219863250930801970451979602797302
( 1.2742241522101484486584930734180590928109778603 )
 1.274224152443028887875950968641277888300854084173
( 1.274224152675909379710924267072870365374652416087 )
 1.274224152675909379727105882597475168081641934905
( 1.274224152675909379743646033524044382302795308088 )
size= 6400
 1.274224152675909379743648264126147888455923501466
( 1.274224152744342178641519689434302775887730671414 )
 1.274224152773665789038775287233087330270597651217
( 1.274224152802989401083743928294146221069842644932 )
 1.274224152802989401084012602383214855725106495874
( 1.27422415280298940108428715330417670103738065913 )
size= 12800

[The program elegantly crashes here as the size of the arrays is exceeded]



fig. b: we zoomed back in with PgUp, if there is any yellow
it's inside this view: -3.2...+3.2 × -2.4...+2.4



fig. c: we zoomed in more with PgUp, if there is any red
it's inside this view: -1.6...+1.6 × -1.2...+1.2


